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ABSTRACT Distributed optimization over multi-agent networks arises in estimation, control, and learning tasks where data
is geographically dispersed and communication is constrained. Classical distributed convex optimization methods rely on
strong convexity and static graph assumptions, while many emerging applications feature nonconvex local objectives and
time-varying communication topologies. Metaheuristic search strategies, such as particle swarm optimization, have been used to
explore complex landscapes, but they often lack a systematic treatment of consensus and dual variables. This work considers
a distributed composite convex–nonconvex program defined over a network of agents connected by a time-varying graph.
Each agent possesses a local cost function with both convex and nonconvex components and participates in a consensus
constraint enforced through local interactions. A consensus-based alternating direction method of multipliers is integrated with
a particle swarm mechanism in order to combine structured augmented Lagrangian updates with stochastic exploration in the
primal domain. The resulting scheme allows each agent to maintain local primal, dual, and velocity states while exchanging
low-dimensional consensus variables with neighbors. The algorithm is described in a unified operator form that highlights the
interaction between consensus steps, dual ascent, and swarm-based perturbations. Conditions on the communication weights,
penalty parameters, and search coefficients are discussed under which consensus is asymptotically preserved and the network
trajectories approach stationary solutions of the nonconvex problem. Implementation aspects for large networks and numerical
illustration scenarios are outlined to indicate how the method behaves in representative distributed optimization tasks with
heterogeneous local models.
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1. Introduction
Distributed optimization techniques have become an essential
tool for handling data and decision variables that are scattered
across multiple computational entities [1]. In many applica-
tions, such entities represent physical agents, sensing devices, or
computing nodes that can only communicate over a constrained
network. The joint behavior of the network is then character-
ized by a set of local objective functions and constraints that
must be treated in a coordinated way. Classical formulations
often assume convexity of the local objectives and rely on the

presence of a static and connected communication graph. In
contrast, several modern applications lead to nonconvex ob-
jective components and time-varying communication patterns
[2]. Examples include distributed training of nonlinear models,
nonconvex regularization for high-dimensional estimation, and
control problems involving nonlinear dynamics with intermittent
communication.

The alternating direction method of multipliers has been
widely used as a flexible framework for decomposing large
optimization problems. In its consensus form, it introduces
local copies of a global decision vector and enforces agreement
through augmented Lagrangian terms and dual variables. When
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Figure 1 Network-level view of agents maintaining local variables while interacting with a virtual consensus state. Solid arrows depict augmented Lagrangian coupling, and dashed
links indicate peer-to-peer communication in the time-varying graph.
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Figure 2 Algorithmic pipeline at one agent combining augmented Lagrangian updates, consensus operations, dual ascent, and swarm dynamics, with a compact local state shared
across the stages.

applied in a distributed environment, consensus-based ADMM
decomposes the optimization task into local subproblems that
can be solved in parallel by the agents, with coordination achieved
via exchange of intermediate variables. This structure is suitable
for convex programs and can tolerate moderately complex com-
munication patterns [3]. However, in the presence of nonconvex
objectives, classical convergence guarantees no longer apply
directly, and additional mechanisms are often required to handle
local minima, saddle points, and flat regions.

Particle swarm optimization provides a heuristic approach
for exploring complex nonconvex landscapes. It represents the
search space through a set of particles, each characterized by a
position and velocity that are updated iteratively. The update
rules combine inertia with local and global attraction terms
that guide the swarm toward promising regions. In centralized
implementations, PSO can be applied to nonconvex problems
without direct use of gradient information, making it attractive
when derivatives are expensive or unavailable. Nonetheless,
vanilla PSO does not incorporate explicit consensus constraints
and does not naturally account for the network structure that
arises in distributed optimization.

The integration of consensus-based ADMM with particle
swarm mechanisms is motivated by the desire to balance struc-
tured augmented Lagrangian updates with exploratory search.
The augmented Lagrangian framework provides a principled way

to enforce consensus and linear constraints, while PSO-type dy-
namics introduce exploration and diversity in the primal iterates.
In a distributed convex–nonconvex setting over time-varying
graphs, such a combination allows each agent to exploit local
problem structure while remaining sensitive to global swarm
information propagated through the network.

Time-varying communication graphs arise when links be-
tween agents are affected by mobility, fading, scheduling policies,
or external disruptions [4]. A network sequence that is not con-
nected at every iteration may still exhibit joint connectivity over
time windows. For distributed optimization algorithms, this
raises the challenge of maintaining consensus in the presence
of intermittent connectivity and nonstationary mixing patterns.
Weight matrices that satisfy standard stochasticity and connec-
tivity properties can still be used to propagate information, but
convergence analysis must account for the temporal variability.

In this work, a distributed convex–nonconvex optimization
problem is considered in which each agent holds a compos-
ite local objective with both convex and nonconvex parts. A
consensus-based ADMM scheme is integrated with a particle
swarm component that acts on the local primal variables [5].
The integration is designed so that the core ADMM structure,
including augmented Lagrangian minimization and dual ascent,
is preserved, while the PSO velocities introduce controlled per-
turbations that enhance exploration of the nonconvex landscape.
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Figure 3 Snapshot sequence of a time-varying communication topology, illustrating how local neighborhoods change across iterations while preserving joint connectivity over time
windows.
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Figure 4 Structural decomposition of the composite objective at each agent, including convex and nonconvex components, quadratic penalties, and dual contributions forming the
augmented local cost.

The communication among agents is modeled by a time-varying
graph, and the consensus steps incorporate a sequence of mix-
ing matrices that satisfy standard connectivity and regularity
conditions.

The subsequent sections introduce the network and prob-
lem setting, develop the integrated consensus–ADMM–PSO
algorithm, examine its convergence properties under suitable
assumptions, and discuss implementation considerations for
large-scale networks. Numerical scenarios are outlined to illus-
trate how the method operates when applied to representative
distributed optimization tasks [6]. The overall exposition em-
phasizes the interplay between consensus enforcement, dual
variable evolution, and swarm-based search in a distributed
nonconvex context [7].

2. Preliminaries on Distributed Optimization
and Time-Varying Graphs

Consider a collection of agents indexed by the set

V = {1, 2, . . . , N}.

Each agent i maintains a local copy of a global decision vector
in a Euclidean space. The agents exchange information over a
sequence of undirected graphs that evolve over discrete time. At
iteration k, the active communication pattern is described by a
graph [8]

Gk = V, Ek,

where Ek is the set of edges representing the links available
at that iteration. If i, j ∈ Ek, agents i and j can exchange
messages at iteration k. The sequence {Gk}k≥0 is allowed to

vary arbitrarily, subject to connectivity assumptions that hold
over finite windows.

The communication process is modeled through a sequence
of weight matrices. At each iteration k, there is a matrix

W k ∈ RN×N ,

where the entry wk
ij quantifies the influence of agent j on agent

i at that iteration. It is assumed that wk
ij > 0 if and only if

i = j or i, j ∈ Ek. In addition, the matrix W k respects standard
stochasticity conditions, such as row stochasticity

N

j=1
wk

ij = 1 for all i and k.

In some cases, column stochasticity or doubly stochasticity is
also imposed, but it is not strictly required for the formulation.

The distributed optimization problem considered in this
setting involves a global decision vector x ∈ Rd shared across
the network. Each agent i has access only to a local objective
function

fi : Rd → R,

and the global optimization task is expressed as [9]

min
x∈Rd

N

i=1
fix.

In convex settings, each function fi is assumed to be convex, and
various distributed gradient and consensus-based methods can be
applied. In the present context, the local functions are composite,
with a convex component and a nonconvex component. This
introduces additional challenges in the analysis and calls for
mechanisms that can explore nonconvex regions.
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Figure 5 Local storage layout for one agent, showing primal, dual, velocity, and personal-best variables, together with a neighborhood structure holding aggregated information used by
the swarm and consensus mechanisms.
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Figure 6 Conceptual trajectory of a Lyapunov functional aggregating objective values, dual norms, and disagreement terms, together with associated residual measures decreasing
toward a stationary regime.

Consensus-based methods approach the global problem by
introducing local copies of the decision vector [10]. Each agent
holds a variable

xi ∈ Rd,

and consensus is enforced by requiring that all local variables
coincide. The problem can then be written in the form

min
x1,...,xN

N

i=1
fixi,

subject to [11]

xi = xj for all i, j ∈ Ek and for all k.

In this representation, the constraints are time-varying, reflecting
the changing graph structure. A more convenient formulation
introduces a vector of stacked local variables

x =
(
x⊤

1 , . . . , 12x⊤
N

)⊤ ∈ RNd,

together with linear operators that encode the consensus con-
straints.

Classical consensus algorithms rely on repeated multiplica-
tion by the weight matrices. For example, a sequence of iterates
satisfying

xk1
i =

N

j=1
wk

ijxk
j

can converge to a common value under appropriate conditions.
For static graphs, such conditions include connectivity and
suitable spectral properties of the matrix [13]. For time-varying
graphs, joint connectivity over time windows and uniform
spectral bounds are typically imposed. These conditions ensure
that the influence of any agent eventually propagates through
the network.

The alternating direction method of multipliers is formu-
lated by splitting the problem into blocks and augmenting the
Lagrangian with quadratic penalty terms. In a consensus set-
ting, one often introduces a global variable z that represents
the common value of the local variables and enforces equality
constraints xi = z through dual variables. The augmented
Lagrangian associated with this formulation takes the form of a
sum of local terms plus consensus penalties [14]. The ADMM
iterations then alternate between minimizing with respect to the
primal variables and updating the dual variables.

Particle swarm optimization introduces an additional layer of
dynamics to the primal iterates. Each agent maintains position
and velocity vectors, often denoted by

xk
i and vk

i ,

respectively. The velocity is updated using an inertia term, a
cognitive term that attracts the particle toward its personal best
position, and a social term that attracts it toward a global or
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Component Symbol Space Role
Local primal state xi Rd decision vector
Dual variable λi Rd consensus tension
Velocity vi Rd swarm motion
Personal best pi Rd local archive
Consensus proxy yi Rd mixed neighbor state
Global reference (avg.) x̄ Rd network mean

Table 1 Core per-agent state variables and their roles in the combined consensus–ADMM–PSO dynamics.

Parameter Nominal Range Effect
Penalty ρ 10−1 10−3, 101 consensus strength
Step αk decaying 0, 10−1 stability vs speed
Inertia ω 0.6 0.3, 0.9 exploration depth
Cognitive c1 1.2 0.5, 2 bias to pi

Social c2 1.2 0.5, 2 bias to neighborhood best
Velocity clipping yes bounded norm limits oscillations

Table 2 Typical parameter magnitudes and qualitative influence on the distributed dynamics.

neighborhood best position [15]. Random coefficients modulate
the influence of these terms at every iteration. The position is
then updated by adding the new velocity.

In a distributed setting with time-varying graphs, the social
term of PSO can be localized so that each agent is attracted
toward the best positions observed within its neighborhood.
This leads to a structure in which the communication graph
influences the swarm dynamics in a similar way as in con-
sensus algorithms. When such dynamics are combined with
ADMM steps, the resulting scheme must carefully balance the
deterministic augmented Lagrangian updates with the stochastic
exploration induced by the swarm [16].

The present work uses the above elements to build an inte-
grated algorithm where each agent simultaneously engages in
consensus, dual ascent, and PSO-based exploration. The time-
varying graph provides the underlying communication pattern,
the weight matrices define the consensus mixing, and the swarm
dynamics act as a perturbation of the ADMM primal updates.

3. Problem Formulation and Consen-
sus–ADMM–PSO Scheme

The global optimization problem addressed in this work is
formulated as follows. There is a global decision variable [17]

x ∈ Rd,

and each agent i possesses a local cost function of the form

fix = gix hix,

where gi is convex and hi may be nonconvex [18]. The function
gi can represent a loss derived from local data, such as a convex
empirical risk, while hi can capture regularization or nonconvex
penalties. The global optimization task is to minimize the
aggregate objective

min
x∈Rd

N

i=1

(
gix hix19

)
,

possibly subject to additional linear constraints that can be
incorporated into the local functions or into the ADMM structure.

To employ a consensus-based approach, a local copy

xi ∈ Rd

is associated with each agent i. The global optimization problem
is cast as [20]

min
x1,...,xN

N

i=1

(
gixi hixi

)
,

subject to the consensus constraints [21]

xi = xj for all i, j ∈ Ek for all k.

Equivalently, global consensus can be expressed by requiring

x1 = x2 = · · · = xN ,

but the enforcement is carried out through local interactions
on the time-varying graph. For the purposes of introducing
ADMM, an auxiliary global variable [22]

z ∈ Rd

is introduced. The problem is rewritten as

min
x1,...,xN ,z

N

i=1

(
gixi hixi23

)
,

subject to
xi = z for all i.

The time-varying graph structure is incorporated into how the
variable z is approximated through local consensus rather than
as an explicit global variable. However, the above formulation
is useful for defining the augmented Lagrangian.

For each agent i, a dual variable [24]

λi ∈ Rd

is associated with the constraint xi = z. The augmented
Lagrangian can be expressed as

Lρ

(
x1, . . . , xN , z, 25λ1, . . . , λN

)
=

N

i=1

[
gixi hixi26 λ⊤

i xi −z
ρ

2 ∥xi −z∥2
2
]
,
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Graph property Condition Symbolic form Role
Joint connectivity window size Q finite kQ−1

t=k
Gt connected information spread

Weight lower bound η > 0 wk
ij ≥ η on edges avoids vanishing links

Row stochasticity j wk
ij = 1 W k1 = 1 mass preservation

Sparsity control bounded degrees |N k
i | ≤ dmax communication scaling

Temporal variability arbitrary under above k 7→ Gk free models switching links

Table 3 Structural assumptions on the time-varying communication graph and weight sequence.

Step Per-iteration cost Per-agent memory Communication
Local gradient / prox Od to Od2 Od for buffers none
Velocity update Od Od (store vi, pi) none
Consensus mixing Od|N k

i | Od temporary sum send xi to neighbors
Dual update Od Od (store λi) none
Neighborhood best O|N k

i | small scalars/vectors exchange scores or pj

Table 4 Sketch of per-agent computational, storage, and communication complexity per iteration.

where ρ > 0 is a penalty parameter [27]. Classical ADMM
alternates between minimizing the augmented Lagrangian with
respect to the primal variables and updating the dual variables.

In the integrated consensus–ADMM–PSO scheme, each
agent maintains the triplet of local states

xk
i , λk

i , vk
i ,

where xk
i is the current position, λk

i is the current dual variable,
and vk

i is the PSO velocity. The algorithm proceeds in iterations
indexed by k. At each iteration, three types of updates occur at
each agent: local primal update influenced by the augmented
Lagrangian and the velocity; consensus-based mixing of primal
or auxiliary variables; and dual variable update.

The local primal update at agent i seeks to approximately
minimize a local augmented Lagrangian term [28]. A typical
update has the form

x
k 1

2
i = arg min

xi

gixi hixi

λk
i

⊤xi − zk ρ

2 ∥xi − zk∥2
2,

where zk is an approximation of the consensus variable obtained
from the previous iteration. This minimization may not be
carried out exactly, especially in the presence of nonconvexity
[29]. Instead, a proximal or gradient-based step can be used to
approximate the minimizer. For example, a linearization of the
nonconvex component can be introduced, leading to an update
of the form

x
k 1

2
i = xk

i − αk
(
∇gix

k
i ∇̃hix

k
i λk

i ρxk
i − zk

)
,

where αk is a step size and ∇̃hi denotes a generalized gradient
or approximate gradient of the nonconvex term.

The particle swarm component introduces a velocity update
for each agent [30]. Each agent keeps track of a personal best
position

pk
i ,

representing the best value of its local objective encountered
up to iteration k, and also has access to a neighborhood best
position

gk
i ,

which is obtained by aggregating information from neighboring
agents. The velocity update follows the standard structure

vk1
i = ω31vk

i c1rk
1
(
pk

i − xk
i

)
c2rk

2
(
32gk

i − xk
i

)
,

where ω is the inertia coefficient, c1 and c2 are cognitive and
social coefficients, and rk

1 and rk
2 are independent random vari-

ables uniformly distributed in the interval 0, 1. The intermediate
primal iterate is then modified by the velocity through

xk1
i = x

k 1
2

i vk1
i .

In this way, the ADMM-inspired local update is perturbed by
a PSO velocity that reflects local and neighborhood historical
information.

The consensus mechanism uses the time-varying weight
matrices. Each agent computes a local consensus proxy [33]

yk1
i =

N

j=1
wk

ijxk1
j ,

which aggregates the post-velocity positions of its neighbors,
including itself. The variable yk1

i acts as a local approximation
to the global variable zk1. Depending on the chosen formulation,
either zk1 is explicitly computed as an average of the yk1

i , or
the local proxies yk1

i are used directly in the dual updates. A
simple choice is to identify

zk1 =
1
N

N

i=1
xk1

i ,

which can be approximated through repeated consensus steps
using the matrices W k.

The dual update is carried out locally at each agent according
to

λk1
i = λk

i ρ
(
xk1

i − zk1)
34.

When zk1 is replaced by a consensus proxy yk1
i , the update

becomes
λk1

i = λk
i ρ

(
xk1

i − yk1
i

)
.

This update can be viewed as a local dual ascent step that tries
to enforce agreement between the primal variable and its local
consensus approximation.
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Setting ω c1 c2 Behavior
Exploratory swarm 0.8 1.5 1.5 strong exploration
Balanced search 0.6 1.2 1.2 trade-off regime
Conservative refinement 0.4 0.8 0.8 local polishing
Neighborhood-focused 0.6 0.7 1.6 more social pull
Self-focused 0.6 1.6 0.7 more personal pull

Table 5 Representative PSO coefficient combinations shaping the exploration intensity in the integrated method.

Quantity Prototype form Scale Use
Consensus gap 1

N i ∥xi − x̄∥2
2 state level agreement tracking

Primal residual i ∥xi − z∥2
2 constraint level penalty tuning

Dual norm i ∥λi∥2
2 dual level multiplier growth

Lyapunov proxy Φk aggregate mixed scale qualitative descent
Velocity energy i ∥vi∥2

2 swarm level exploration monitoring

Table 6 Typical scalar indicators used to monitor convergence, consensus, and swarm activity.

The integrated consensus–ADMM–PSO scheme thus cou-
ples the augmented Lagrangian structure with PSO dynamics
and consensus mixing. The presence of nonconvex terms in
the local objectives is handled by a combination of proximal
approximations and stochastic exploration through the velocities
[35]. The time-varying graphs are reflected in the sequence of
weight matrices used in the consensus proxies and neighborhood
best computations.

4. Convergence Properties and Complexity
Analysis

The convergence analysis of the consensus–ADMM–PSO
scheme considers the interplay between three interacting mecha-
nisms: the augmented Lagrangian minimization, the dual ascent,
and the particle swarm exploration. The objective is to iden-
tify conditions under which the sequence of iterates remains
bounded, consensus is asymptotically achieved, and limit points
satisfy stationary conditions for the nonconvex optimization
problem.

Assume that each convex component gi is proper, lower
semicontinuous, and has Lipschitz continuous gradient on its
effective domain. The nonconvex component hi is assumed
to be differentiable with a locally Lipschitz gradient or, more
generally, to admit a subgradient satisfying suitable regularity
properties [36]. It is further assumed that the aggregate objective
is bounded below on Rd, so that the optimization problem is
well posed. The penalty parameter ρ is taken to be positive and
fixed, although adaptive strategies can also be considered.

The time-varying graph sequence is assumed to satisfy a joint
connectivity condition. There exists an integer Q ≥ 1 such that
for any integer k, the union of the graphs

Gk, Gk1, . . . , 37GkQ−1

is connected. The associated sequence of weight matrices {W k}
is assumed to be uniformly stochastic. Specifically, each W k

has nonnegative entries, satisfies row stochasticity, and there
exists a positive constant η such that

wk
ij ≥ η

whenever i, j is an edge of Gk or i = j. These conditions

ensure that the consensus dynamics induced by the matrices
W k converge to a common value in the absence of noise.

In addition to the consensus assumptions, control of the PSO
velocities is required. The inertia weight ω and the coefficients
c1 and c2 must be chosen so that the velocity process does not
diverge. A common condition is that the spectral radius of the
linearized velocity update is less than one in expectation. More
concretely, if the random variables rk

1 and rk
2 have mean one

half, then it is typical to require

ω38
c1
2

c2
2 < 1.

This inequality is sufficient to guarantee that, in a linearized
model, the velocities remain bounded and eventually decay. In
the integrated scheme, further damping can be introduced by
projecting the velocities onto a bounded set.

The augmented Lagrangian associated with the consensus
formulation can be used to construct a Lyapunov function that
captures the evolution of the network state. Consider the function

Φk =
N

i=1

[
39gix

k
i hix

k
i

] 1
2ρ

N

i=1
∥λk

i ∥2
2

γ

2
N

i=1
∥xk

i − x̄k∥2
2,

where x̄k denotes the average of the local positions

x̄k =
1
N

N

i=1
xk

i ,

and γ is a positive constant. The first two terms reflect the local
objective values and dual norms, while the last term measures
the consensus disagreement. Under suitable assumptions on the
step sizes and the velocity damping, it can be shown that the
expected value of Φk decreases along the iterations, modulo
small perturbations induced by the stochastic terms.

The presence of PSO velocities means that the update for
xk1

i can be decomposed into a deterministic component coming
from the augmented Lagrangian step and a stochastic component
coming from the velocity. Denote the deterministic update by

x̃k1
i

and write [40]
xk1

i = x̃k1
i vk1

i .
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Phase Iteration range Dominant effect Qualitative trend
Initialization early k random velocities rapid dispersion
Alignment intermediate consensus penalties shrinking gaps
Exploration intermediate swarm dynamics objective dips, spikes
Refinement larger k ADMM structure smoother decrease
Stagnation band late k small updates fluctuations near steady region

Table 7 High-level phases in the empirical temporal evolution of the distributed dynamics.

Scenario Local model Graph pattern Objective shape Swarm role
Nonlinear learning logistic + nonconvex reg. switching ring multi-well avoid shallow minima
Resource allocation convex cost + penalties clustered partly flat explore trade-offs
Matrix factorization bilinear factors random geometric highly nonconvex search multiple modes
Control tuning quadratic + barriers slowly varying mesh nearly convex fine-tune parameters
Sensing fusion convex loss + concave reg gossip-like sparse-friendly diversify supports

Table 8 Representative application types compatible with the consensus–ADMM–PSO formulation and its communication constraints.

The consensus term in the Lyapunov function can thus be
expressed as

xk1
i − x̄k1 = x̃k1

i − ˜̄xk1 vk1
i − v̄k1,

where ˜̄xk1 is the average of the deterministic updates and v̄k1

is the average of the velocities. Under the conditions on the
velocity parameters, the average velocity tends to zero, and the
influence of the velocity difference can be controlled in terms of
its norms.

The dual updates contribute to enforcing consensus through
the penalty term. The update

λk1
i = λk

i ρ
(
41xk1

i − zk1)
implies that the dual variables accumulate the discrepancies
between local positions and the consensus proxy. If the consen-
sus proxies approximate the average position and the velocities
are controlled, then the discrepancy decreases over time. The
quadratic term in the Lyapunov function penalizes large dual
variables and contributes to the overall descent property [42].

The nonconvexity of the local objectives complicates the
analysis of convergence to global minima. Instead, attention is
focused on stationary points characterized by first-order condi-
tions. A point x⋆ is stationary if the zero vector belongs to the
sum of the gradients of the convex and nonconvex components
at x⋆. In the distributed setting, a stationary point corresponds
to a collection of local variables x⋆

i that are equal and satisfy

0 ∈ N

i=1

(
∇gix

⋆
i ∂hix

⋆
i

)
,

where ∂hi denotes a suitable subdifferential [43].
The integrated algorithm can be analyzed under a framework

that treats the ADMM step as a proximal gradient mapping and
the PSO velocity as a stochastic perturbation. At a high level,
the update can be expressed as

xk1 = Txk vk1,

where T is a deterministic operator corresponding to the consen-
sus–ADMM mapping, and vk1 represents the stacked velocities.
If T is nonexpansive or contractive in the vicinity of a stationary
point and the perturbations vk1 form a sequence whose norms

vanish or are summable, then the stochastic approximation the-
ory suggests that the sequence xk approaches the set of fixed
points of T .

The computational complexity of each iteration is determined
by the cost of the local primal update, the velocity update, and
the consensus mixing. The primal update typically involves
evaluating gradients of gi and hi and solving a linear system or
applying a proximal mapping. If gi has a simple structure, such
as a least squares term, and hi decomposes across coordinates,
the proximal operator may have a closed form [44]. The velocity
update involves vector operations that scale linearly with the
dimension d. The consensus mixing requires each agent to send
and receive a vector of length d to and from its neighbors and to
compute a weighted average.

The storage requirements per agent include the current posi-
tion xk

i , the dual variable λk
i , the velocity vk

i , and the personal
best pk

i . Additionally, some record of neighborhood best posi-
tions may be maintained. The communication complexity per
iteration depends on the average degree of the time-varying
graph. If the graph is sparse and the degree remains bounded
as N grows, the per-iteration communication load per agent is
moderate [45].

The design of parameters such as ρ, the step sizes αk, and the
PSO coefficients ω, c1, and c2 affects both convergence speed
and robustness. A large penalty parameter enforces consensus
more strongly but may lead to ill-conditioned local subproblems.
Small step sizes improve stability in nonconvex settings but slow
down the progress. Larger PSO coefficients increase exploration
but can introduce more noise into the consensus process.

Under reasonable assumptions on the graph sequence, the
local objectives, and the parameters, it is possible to show
that the integrated consensus–ADMM–PSO scheme produces
sequences whose expected disagreement converges to zero and
whose expected gradients converge to zero in the limit. The
precise rates depend on the interplay between the deterministic
contraction properties of the ADMM operator and the decay
properties of the PSO perturbations [46].
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5. Implementation Aspects and Algorithmic
Variants

The practical deployment of the consensus–ADMM–PSO
scheme on a network of agents involves several design choices
related to the representation of local models, the scheduling of
communication, the handling of time-varying graphs, and the
management of randomization in the PSO component. These
choices influence both the computational efficiency and the
accuracy of the resulting solutions.

Each agent maintains the local state variables xk
i , λk

i , vk
i ,

and pk
i in its memory. The dimension d of the decision vector

influences not only the storage space but also the cost of local
linear algebra operations. For high-dimensional variables, it
can be beneficial to exploit structure such as sparsity or block
separability [47]. For instance, if gi is a separable sum across
coordinates or blocks, the proximal updates may decompose
into smaller subproblems that can be processed more efficiently.

The communication between agents is governed by the time-
varying graph. In practice, this graph may be induced by physical
connectivity, wireless communication ranges, or scheduling
policies that activate subsets of links at different times. At each
iteration k, agent i must identify its current neighborhood

N k
i = {j | i, j48 ∈ Ek} ∪ {i},

and then exchange the necessary variables with agents in that
set. The usual choice is to exchange the current positions xk

j

and possibly local evaluations of the objective. The consensus
proxy

yk
i =

j∈N k
i

wk
ijxk

j

is then computed using the current weight matrix. This operation
is linear in the size of the neighborhood and can be implemented
using simple summation.

The computation of the neighborhood best position gk
i for

the PSO component can reuse the same communication patterns.
Each agent evaluates its local objective at the current position
and compares it with the stored values associated with the neigh-
borhood best [49]. When an agent receives updated positions
or objective values from its neighbors, it updates gk

i accord-
ingly. The neighborhood best may be defined over the current
neighborhood N k

i or over an expanded region that aggregates
information over multiple iterations.

Randomization in the PSO velocities is achieved through
the generation of random variables rk

1 and rk
2 at each agent.

These variables can be sampled independently or derived from
pseudo-random generators seeded with different values for each
agent. In some implementations, the random coefficients are
replaced by deterministic sequences that emulate the exploration
properties of PSO while simplifying analysis. The generated
velocities may be subjected to clipping, where each component
of vk

i is projected onto a fixed interval to avoid excessively large
steps.

The scheduling of local updates can be synchronous or
asynchronous. In a synchronous implementation, all agents
perform their local primal, velocity, and dual updates at the
same iteration index and then exchange variables. This scheme

is conceptually simple but requires synchronization across the
network [50]. In an asynchronous implementation, agents update
their states based on the most recently received information,
leading to a more flexible but analytically more complex system.
The time-varying graph already introduces variability in which
agents are active at different times, and asynchronous updates
add an additional layer.

Algorithmic variants can be defined by modifying the order
or structure of the updates. One variant places the velocity
update before the local augmented Lagrangian step, so that

x
k 1

2
i = xk

i vk1
i

is computed first, followed by a deterministic proximal update
[51]

xk1
i = proxαkgi

(
x

k 1
2

i − αk
(
∇̃hix

k 1
2

i λk
i ρx

k 1
2

i − zk
))

52.

Other variants adjust the relative weighting of the PSO and
ADMM components by scaling the velocities or adapting the
step sizes. For example, the velocities may be gradually reduced
over time, with a decay schedule that decreases the exploration
as the algorithm progresses.

The selection of the penalty parameter ρ can be static or
dynamic. In a static scheme, ρ is fixed based on prior knowledge
of the problem or by preliminary tuning. In a dynamic scheme,
ρ may be increased when the consensus violation remains large
and decreased when the primal residuals are small [53]. Such
adaptations aim to balance the enforcement of consensus with
the conditioning of the local subproblems.

Distributed stopping criteria are another aspect of implemen-
tation. Since the algorithm is decentralized, no single agent has
direct access to global quantities such as the full objective value
or the global residuals. Practical stopping rules rely on local
information and possibly limited additional communication. For
example, each agent can track the change in its local variable
norm and the local consensus disagreement and stop when both
fall below prescribed thresholds [54]. Alternatively, a fixed
number of iterations may be used if strict guarantees are not
required.

Fault tolerance and robustness to communication errors can
be incorporated by allowing for packet losses, delays, or link
failures. In such settings, the weight matrices W k may occa-
sionally fail to satisfy the ideal stochasticity conditions, and the
information used for the consensus proxies may be outdated.
The design of the algorithm can accommodate these effects by
incorporating resilience mechanisms, such as ignoring stale in-
formation beyond a certain age or adjusting the weight matrices
based on observed communication quality.

The algorithm can also be specialized to particular classes of
local objectives. When the convex component gi is smooth and
strongly convex, simple gradient steps may suffice to approximate
the local minimizers [55]. When the nonconvex component hi

has specific structure, such as being a sum of concave penalties
applied to linear forms, specialized proximal operators can be
used to handle them more accurately. These specializations can
improve the convergence speed and the quality of the solutions
in particular applications.
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6. Numerical Illustration Scenarios and Behav-
ioral Discussion

The behavior of the consensus–ADMM–PSO scheme can be
illustrated conceptually by considering representative distributed
optimization tasks. While specific numerical values depend on
the chosen problem instances and parameter settings, one can
describe the qualitative patterns that tend to emerge in typical
scenarios.

A first scenario involves distributed learning of a nonlinear
model with composite regularization [56]. Each agent i holds a
local dataset and seeks to fit a parameter vector x that minimizes
a loss function plus a nonconvex regularizer. The convex compo-
nent gix may be a logistic loss, while the nonconvex component
hix may be a difference of norms that promotes sparsity with re-
duced bias compared to purely convex penalization. The agents
are connected by a time-varying graph modeling intermittent
communication. The integrated algorithm is run with a chosen
penalty parameter, step sizes, and PSO coefficients [57].

At early iterations, the PSO velocities introduce exploration
that allows different agents to explore distinct regions of the
parameter space. The consensus penalties and dual variables
tend to align the local models, but the velocities maintain
diversity among the positions. The local personal bests pk

i are
updated when an agent observes a reduction in its local objective.
Over time, the neighborhood bests gk

i influence the velocities,
guiding agents toward regions where other agents have found
better solutions. The consensus mixing of positions gradually
reduces disagreement across the network.

A second scenario considers a distributed control or resource
allocation problem with nonlinear constraints that are handled
via penalization. The local objectives capture costs such as
deviations from desired trajectories or resource usage, while
nonconvex terms represent nonlinear effects or discrete choices
that have been relaxed [58]. The communication graph may
reflect limited connectivity between controllers or decision
makers. The consensus–ADMM–PSO scheme coordinates the
local decisions so that they satisfy approximate consensus while
exploring feasible and near-feasible regions of the constraint set.

In such a setting, the augmented Lagrangian penalties act as
a regularizing force that discourages large disagreements, while
the PSO velocities permit agents to temporarily depart from
the consensus manifold in search of better trade-offs between
cost and constraint satisfaction. The dual variables adjust to
reflect persistent disagreements, which in turn modifies the
effective local objective landscapes. The interplay between
these components can lead to trajectories that oscillate initially
and then gradually settle into a configuration that satisfies
approximate stationarity [59].

A third scenario involves a nonconvex regression or matrix
factorization task distributed across agents that hold different
subsets of rows or columns. The local objectives may be
nonconvex due to bilinear terms or factorization constraints.
The consensus formulation ensures that the global factorization
structure is respected, while the PSO component helps avoid
poor local minima. The time-varying graph could represent
a dynamic topology of computing nodes or a communication

network with varying availability.
In this case, the evolution of the collective objective value

over iterations often exhibits phases [60]. During initial iter-
ations, the objective may decrease rapidly as the augmented
Lagrangian steps exploit the dominant convex structure. The
PSO velocities introduce fluctuations that sometimes lead to
temporary increases in the objective, but they also enable es-
capes from shallow local minima. As the velocities are damped
or as the algorithm progresses, the trajectory tends to enter a
refinement phase where changes in the objective become smaller
and the consensus residuals diminish.

The sensitivity of the algorithm to parameter choices can also
be discussed. If the inertia weight ω is set close to one and the
PSO coefficients c1 and c2 are large, the velocities may remain
substantial for many iterations, increasing the exploration but
also amplifying fluctuations in consensus and objective values
[61]. Conversely, if ω is small and the coefficients are modest,
the velocities decay quickly, and the algorithm behaves more
similarly to a deterministic consensus–ADMM method. The
penalty parameter ρ interacts with these settings by controlling
the strictness of consensus enforcement.

The time-varying graph structure influences the speed at
which information about good solutions propagates through the
network. In a graph sequence where links change rapidly but
remain jointly connected, neighborhood best information can
spread across the network within a moderate number of iterations
[62]. In more constrained sequences where connectivity is sparse
over long windows, the propagation is slower, and clusters of
agents may temporarily hold different neighborhood bests. The
consensus mechanism helps to mitigate these disparities, but the
transient behavior can be more complex.

An additional aspect concerns the effect of noise and inac-
curacies in local objective evaluations. If some agents evaluate
their objectives with noise or approximate models, the personal
and neighborhood bests may reflect erroneous values. The
stochastic nature of the PSO velocities can, in some cases, help
to average out such inaccuracies, but persistent bias can affect
the stationary points approached by the algorithm [63]. The aug-
mented Lagrangian structure, which is based on local function
values and gradients, may be more sensitive to such biases.

Overall, these conceptual numerical scenarios highlight the
roles of the different components of the integrated algorithm.
The consensus mixing and dual updates aim to reduce dis-
agreements and enforce consistency, the augmented Lagrangian
structure reflects the composite nature of the objectives, and the
PSO velocities introduce exploratory behavior that can benefit
nonconvex optimization. The precise performance in any given
application depends on the specifics of the local objectives, the
network topology, the time variation of the graph, and the chosen
parameters.

7. Conclusion
A distributed optimization framework has been considered in
which agents seek to minimize a composite convex–nonconvex
objective over a time-varying communication graph [64]. The
formulation uses local copies of a global decision vector and
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enforces consensus through an augmented Lagrangian approach
based on the alternating direction method of multipliers. To
address the challenges posed by nonconvex local components and
complex landscapes, a particle swarm mechanism is integrated
into the primal updates, yielding an algorithm in which each
agent maintains local positions, dual variables, and velocities.

The time-varying graph is modeled through a sequence of
weight matrices that define consensus mixing steps. Under
standard assumptions on joint connectivity and stochasticity,
these matrices ensure that consensus can be approached asymp-
totically. The PSO velocities provide a means of exploring the
search space beyond the deterministic trajectories generated
by the augmented Lagrangian steps [65]. Their magnitudes
and directions are controlled by inertia, cognitive, and social
coefficients, as well as by random factors, and they can be tuned
to balance exploration and stability.

The convergence discussion focuses on boundedness of it-
erates, decay of consensus disagreements, and approach to
stationary points under reasonable regularity assumptions on the
local objectives. The analysis relies on constructing Lyapunov
functions that capture the combined influence of local objec-
tives, dual variables, and consensus residuals, and on controlling
the stochastic perturbations introduced by the PSO component.
While global optimality cannot generally be guaranteed in the
presence of nonconvexity, the scheme aims to identify stationary
points that satisfy first-order conditions.

Implementation aspects such as communication patterns,
parameter selection, storage requirements, and stopping criteria
have been outlined [66]. Variants of the basic algorithm can
adjust the order of updates, the decay of velocities, and the
adaptation of penalty parameters. The conceptual numerical sce-
narios discussed illustrate the qualitative behavior of the method
in representative distributed learning, control, and factorization
problems. They highlight how the interplay between consensus,
dual ascent, and swarm-based exploration shapes the evolution
of the network state.

The development presented here offers a structured way to
embed swarm dynamics within an augmented Lagrangian con-
sensus framework for distributed convex–nonconvex programs
over time-varying graphs. The resulting algorithm is amenable
to further specialization for particular problem classes and to
additional analysis aimed at refining convergence guarantees and
performance characterizations in specific application domains
[67].
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